In this paper, the zero distribution of differential-difference polynomials
Introduction and main results

In this paper, we use the basic notations of Nevanlinna theory [, ]. Given a meromorphic function f (z), recall that α(z) ≡ , ∞ is a small function with respect to f (z) if T(r, α) = S(r, f ), where S(r, f ) is used to denote any quantity satisfying S(r, f ) = o(T(r,
, where c f := f (z + c) -f (z) and p(z) is a nonzero polynomial. These results are summarized in Theorem C below, and they can be seen as difference analogues of Theorem A. 
Theorem C
[f (z) n f (z + c)] (k) -α(z) and [f (z) n c f ] (k) -α(z),(z). If n ≥ k + , then [f (z) n f (z + c)] (k) -α(z) has
infinitely many zeros. If f is not a periodic function with period c and n
However, we remark that the zeros of [f (z) Obviously, the value  is the Borel exceptional value of f (z) in Example . Here, we obtain the following result.
Theorem . Let f be a finite order transcendental entire function with a Borel exceptional polynomial q(z). Then the following statements hold.
(k) has infinitely many zeros, except in the case f (z) = Aq(z)e αz + q(z) and e c = -, where A is a nonzero constant.
(k) has infinitely many zeros. 
() From Example , we know that the exceptional case in (ii) can occur.
If f has finitely many zeros, then f (z) n f (z + c) must have finitely many zeros; however,
n c f can admit infinitely many zeros. The following example shows that the zero distribution of f (z) n c f is different from that of f (z) n f (z + c). In the case of n = , by using a similar method as in the proof of Theorem ., we have the following result. 
(k) has infinitely many zeros.
Remark  From Example , we know that the exceptional case in (ii) can occur.
Some lemmas
The first lemma is the characteristic function relationship between f (z) and f (z + c), provided that f (z) is a transcendental meromorphic function of finite order.
Lemma . ([, Theorem .]) Let f (z) be a transcendental meromorphic function of finite order. Then T r, f (z + c) = T(r, f ) + S(r, f ). (.) http://www.advancesindifferenceequations.com/content/2012/1/164
From (.) and the classical result of Nevanlinna theory, we know that
Following Hayman [, pp.-], we define an ε-set E to be a countable union of discs not containing the origin and subtending angles at the origin whose sum is finite. If E is an ε-set, then the set of r ≥  for which the circle S(, r) meets E has finite logarithmic measure.
Lemma . ([]) Let g(z) be a transcendental meromorphic function of ρ(g) < , h > .
Then there exists an ε-set E such that
uniformly in c for |c| ≤ h. Further, E may be chosen so that for large z ∈ E, the function g has no zeros or poles in |ζ -z| ≤ h.
, where
For the proofs of Theorems . and ., we need the following results, which are related to the growth of solutions of linear difference equations. Here, we give the versions with small changes of the type of equations; the proofs are similar.
If f (z) is a nontrivial meromorphic solution of the equation
Lemma . ([, Theorem .]) Let P  (z), . . . , P n (z) be polynomials, P n (z)P  (z) ≡  and satisfy
Then every finite order meromorphic solution f (z) ( ≡ ) of the equation
3 Proofs of Theorem 1.1 and Theorem 1.3
The ideas for the proof of Theorem . and Theorem . are similar, here we just give a complete proof of Theorem .. Since q(z) is a Borel exceptional polynomial of f (z), the transcendental entire function f (z) with finite order can be written as f (z) = q(z) + h(z)e αz s , where α is a nonzero constant and h(z) is a nonzero entire function with
where
(k) has finitely many zeros. Then from
Hadamard's factorization theorem and Lemma ., we have
where A(z) is an entire function with finitely many zeros and ρ(A) < s, β is a nonzero constant. For any positive integer k, from (.) and (.), we get
which implies that
Thus, we get
where 
Using this method for any positive integer k, we can get B  (z) ≡ , and so 
